We review the idea of leptonic unitary triangles and extend the concept of the recently proposed unitary boomerangs to the lepton sector. Using a convenient parameterization of the lepton mixing, we provide approximate expressions for the side lengths and the angles of the six different triangles and give examples of leptonic unitary boomerangs. Possible applications of the leptonic unitary boomerangs are also briefly discussed. *
The leptonic, or Pontecorvo-Maki-Nakagawa-Sakata (PMNS), mixing matrix U can be written as 
where c ij = cos θ ij , s ij = sin θ ij and δ is the unknown Dirac CP-violating phase. The two equally unknown Majorana phases [1, 2] appear in P = diag(1, e iφ 2 , e iφ 3 ). We will focus on the implications of δ in this letter. Namely, we discuss some aspects of unitarity of U and Dirac-like CP violation in the form of unitarity triangles and boomerangs [3] [4] [5] . In the standard parametrization given above, U is obtained by three consecutive rotations: U = R 23 (θ 23 )R 13 (θ 13 ; δ) R 12 (θ 12 ) , where e.g., 
One notes that at zeroth order lepton mixing is well described (see Table 1 ) by tribimaximal mixing (TBM) [6] 
αi U αj = 0 (the row-, or "ij-triangles"). To be more concrete:
All six triangles have a common area of A = 1 2 J CP . If we rephase the rows of the PMNS matrix via U αi → U αi e iφ i , then the αβ-triangles are invariant, whereas the ij-triangles are modified:
The ij-triangles are rotated in the complex plane. This shows that the Majorana phases influence the rotation of the ij-triangles and hence the ij-triangles are in principle probing them [10] : with a suitable phase rotation one can always arrange one side of the αβ-triangles to lie on the x-or y-axis. If neutrinos are Majorana particles and the Majorana CP phases do not take on CP conserving values (i.e., 0 mod π/2) then this is not possible for the ij-triangles [10] . In this letter we will focus on the Dirac phase only.
A triangle is defined by, e.g., two side lengths and one angle, which are three parameters, one short of the four parameters, θ 12 , θ 13 , θ 23 and δ, of the PMNS matrix, which enter into the expression for J CP and are associated with the Dirac-like CP violation in the lepton sector. However, as two triangles share one common angle, it is possible to form an object called "boomerang" from two triangles [3] [4] [5] . The boomerang is described by four parameters. We will illustrate leptonic unitary boomerangs in the following, using the convenient parameterization from Eq. (4) of the PMNS matrix around the tri-bimaximal mixing.
The approximate form of the PMNS matrix,
where λ can be taken as the sine of the Cabibbo angle and the exponent n ≥ 1 is currently unknown, implies that the 12-and µτ -triangles have sides of similar magnitude regardless of the value of |U e3 |. To give a more precise estimate of the side lengths, we use now θ 23 = π/4, θ 12 = θ TBM , and keep only non-zero θ 13 = ǫ 13 . The side lengths of the six triangles are:
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Hence, the maximal difference between two sides amounts to a factor ≃ 3 (≃ 2) for the µτ -(12-)triangle. For the maximal allowed value of ǫ max 13 = 0.23 the maximal difference for the other four triangles (from top to bottom) is about 2, 2, 1.5 and 3. Taking the best-fit • , β µτ ≃ 8.9
• , and γ µτ ≃ 152.1
value of ǫ best−fit 13 = 0.11 yields values of about 4, 4, 3 and 6. We will focus here for the sake of illustration on the 12-and µτ -triangles and their resulting boomerang, and delegate the formulae for the remaining four triangles to the Appendix. Consider first the µτ -triangle (see Fig. 1 ): the lengths of the sides are
The angles are
The definitions of the angles are such that the sides are ordered as written in Eqs. (12) (13) (14) (15) (16) (17) and α is the angle between the third and the first sides, β between the second and third, and γ between the first and second. With these definitions all the angles can be positive or negative and their sum can be equal either to π or to (−π): α µτ + β µτ + γ µτ = ±π ¶ . If, for instance, we use the exact expressions in Eqs. (29-31), the best-fit values given in Table 1 and δ = π/2, we get α µτ ≃ 19.0
• , β µτ ≃ 8.9
• , γ µτ ≃ 152.1
• , and α µτ + β µτ + γ µτ = π. For δ = −π/2, however, we find α µτ ≃ −19.0
• , β µτ ≃ −8. Table 1 . As we see, in the case of the µτ -triangle, the Dirac CP-violating phase δ does not coincide with any of the angles of the triangle. For some of the other triangles, however, the Dirac phase δ corresponds to certain angles: we have, for instance, δ ≃ α eµ (see the Appendix). The 12-triangle side lengths are given by
and the angles by 
Using again the best-fit values from Table 1 and δ = π/2 we show the unitary 12-triangle in Fig. 2 . It is obvious from Eqs. (31) and (36) that γ µτ = β 12 . This allows to "glue" two triangles together and form an object called boomerang [3] . The µτ -12-boomerang is shown in [5] . For instance,
and thus
If there was some form of new physics which leaves γ µτ and β 12 unaffected, then one might probe its presence by checking whether the product of the above areas is indeed given by Unitary boomerangs are also a useful method to study the presence of new physics which one single unitary triangle might miss [5] . Consider, for instance, the existence of a light sterile neutrino (generalization to more sterile species is straightforward). There would now be a unitary "µτ -quadrangle", defined as U * µ1 U τ 1 + U * µ2 U τ 2 + U * µ3 U τ 3 + U * µ4 U τ 4 = 0 .
In case of U τ 4 = 0 (or U µ4 = 0), the experimental study of the µτ -triangle would reveal no anomaly. However, the 12-triangle might be modified, because with four generations one has now U * e1 U e2 + U * µ1 U µ2 + U * τ 1 U τ 2 = −U * s1 U s2 .
Unless U s1 = 0 or U s2 = 0, an inconsistency between the two triangles would appear and the µτ -12-boomerang could not be formed.
Unitary boomerangs are therefore a useful, illustrative and comprehensive method to study the consistence of the standard neutrino framework.
and β eµ are undefined, while the approximate expressions for these two angles are formally given by δ and −δ, respectively. As δ is however unphysical when ǫ 13 = 0, there is no inconsistency. Turning to the eτ -triangle, we find
